Introduction
Let G be a reductive group over a p-adic field k. The study of admissible representa-
tions of G(k) via their restriction to compact open subgroups was begun by
Mautner, Shalika and Tanaka for groups of type AI. In contrast to real reductive groups where the representation theory of a maximal compact subgroup K is given in terms of slight modifications to Cartan's theory of the highest weight, the representation theory of a (compact) parahoric subgroup ,~ is quite complicated. There is still no comprehensive theory for classifying the irreducible representations. In the case of GL,(k), Howe, in [8] , defined the notion of an essential character of a filtration subgroup Ki of GL,(o) based on realizing characters of Ki/Ks (2i > j) as cosets in M,(k). In particular, Howe proved that any admissible representation of GL.(k) has only finitely many essential characters.
In [12] , based on work of Howe and the first author in regard to Hecke algebra isomorphisms, the first author gave a more precise formulation of Howe's ideas and defined the notion of an unrefined minimal K-type as certain representations of parahoric filtrations subgroups ~i in terms of semisimple and nilpotent elements in M, (k) . It was conjectured in [12] that every irreducible admissible representation of GL,(k) contained an unrefined minimal K-type. This conjecture was proved by Howe and the first author via a combinatorial argument and it was also shown that any two unrefined minimal K-types contained in an irreducible representation must be closely related, namely they must be associates of one another.
The term "minimal K-type" was used by the first author in analogy with a similar notion in the case of real groups. In both cases there is a measure of the depth of a representation. In the real case Vogan [16] defines the depth of an irreducible representation of K as the length of the highest weight with a rho shift. A minimal K-type of an admissible irreducible representation ~ is then defined as a K-type whose depth is minimal among all K-types occuring in ~. In particular, in the real case, a representation of K can be a minimal K-type in one representation and not in another. In the p-adic case an unrefined minimal K-type is intrinsically defined (see 5.1), i.r its definition depends only on the representation and not on how it sits in the restriction of an admissible representation relative to other representations of filtration subgroups. Because the definition is intrinsic, one must now prove that there is an unrefined minimal K-type in any irreducible admissible representation rr. In both the real and p-adic setting a minimal or unrefined minimal K-type is a very important constituent of a representation. In the real case Vogan has proved that a minimal K-type occurs with multiplicity one and used minimal K-types as an anchor in classifying the irreducible admissible representations. Unrefined minimal K-types and their refinements to "refined" minimal K-types should hopefully play a similar role in the classification of irreducible admissible representations of a p-adic group.
Based on insight obtained from the combinatorial proof with Howe, the first author discovered that the existence of unrefined minimal K-types would follow quite easily if certain cosets, which realize characters of filtrations subgroups, satisfy a descent property whenever a coset contains a nilpotent element. The descent property for M,(k) was established in [5] and [9] and for Lie algebras of certain classical groups in [11] . The formulation of the descent property in terms of the Lie algebra leads to certain unnecessary restrictions. In the case of GL,(k), the vector space M,(k) is both naturally the Lie algebra and the dual of the Lie algebra. This double role of M,(k) obscures the distinction between the Lie algebra and its dual.
In this paper, the existence of unrefined minimal K-types is established for all reductive p-adic groups (Theorem 5.2). We also prove that any two unrefined minimal K-types occuring in an irreducible admissible representation are associates of each other. Depth is defined in terms of the congruence level of a filtration subgroup and it is proved that an unrefined minimal K-type minimizes depth. To each point x in the Bruhat-Tits building of G/k there is a naturally attached filtration {~x,,,} of the parahoric subgroup ~x which is the isotropy subgroup at x. These filtrations include as special cases the filtrations introduced in [14] . The point x also defines filtrations {gx,r,} (resp. {g*._,,}) of the Lie algebra g (resp. its dual g*). In particular, cosets in the dual g* naturally parametrize characters of the abelian group ~x.~,/~ ..... ~, ri > 0. The descent property can be formulated in the proper setting of the nilpotent, i.e. unstable, elements in the dual, and its truth implies the existence of unrefined minimal K-types.
The proof of existence of unrefined minimal K-types presented in this paper is conceptually different from the approach followed by earlier authors to prove the existence in particular cases. Our proofs are uniform and do not require explicit realizations of the reductive groups over local fields.
The existence and associativity properties of unrefined minimal K-type allows one to attach a nonnegative rational number O(n)-the depth of an unrefined minimal K-type contained in n-to any irreducible admissible representation n. This number should be important for certain aspects of the representation 7t. Thus, it is quite natural to conjecture that Harish-Chandra's local character expansion of the character O~ of n is valid for all regular g ~ r for any point x in the Brubat-Tits building of G/k.
Parahoric subgroups and their natural filtrations
The goal of this section is to introduce natural filtrations of any parahoric subgroup in terms of the (absolute) affine root system.
